It is known that every continuous symmetric (invariant under the composition of its argument with each Lebesgue measurable bijection of [0, 1] that preserve the Lebesgue measure of measurable sets) polynomial on the Cartesian power of the complex Banach space L ∞ of all Lebesgue measurable essentially bounded complex-valued functions on [0, 1] can be uniquely represented as an algebraic combination, i.e., a linear combination of products, of the so-called elementary symmetric polynomials. Consequently, every continuous complex-valued linear multiplicative functional (character) of an arbitrary topological algebra of the functions on the Cartesian power of L ∞ , which contains the algebra of continuous symmetric polynomials on the Cartesian power of L ∞ as a dense subalgebra, is uniquely determined by its values on elementary symmetric polynomials. Therefore, the problem of the description of the spectrum (the set of all characters) of such an algebra is equivalent to the problem of the description of sets of the above-mentioned values of characters on elementary symmetric polynomials.
INTRODUCTION
In general, the problem of the description of the spectrum (the set of continuous complexvalued linear multiplicative functionals, or characters) of a topological algebra of analytic functions on a Banach space is unsolved. But if a topological algebra or its dense subalgebra has a countable algebraic basis (the subset B of the algebra A is called an algebraic basis of A, if every element of A can be uniquely represented as an algebraic combination (a linear combination of products) of elements of B), then the problem of the description of the spectrum simplifies, because in this case every character is uniquely determined by the sequence of its values on elements of the algebraic basis and, consequently, the problem of the description of the spectrum is equivalent to the problem of the description of the set of such sequences. For УДК 517.98 2010 Mathematics Subject Classification: 46G25, 46G20. The publication contains the results of studies conducted by President's of Ukraine grant for competitive projects 0119U103204. c Vasylyshyn T.V., 2019 example, in [2] it was constructed an algebraic basis of the algebra of all continuous symmetric (see definition below) polynomials on the complex Banach space L ∞ of all complex-valued Lebesgue measurable essentially bounded functions on [0, 1]. Also, using this result, in [2] it was described the spectrum of the Fréchet algebra H bs (L ∞ ) of all entire symmetric functions of bounded type on L ∞ and it was shown that every character of H bs (L ∞ ) is a point-evaluation functional.
Firstly algebraic bases of algebras of symmetric continuous polynomials on real Banach spaces of Lebesgue measurable integrable in a power p functions on [0, 1] and [0, +∞), where 1 ≤ p < +∞, were studied by Nemirovskii and Semenov in [7] . Some of their results were generalized to real separable rearrangement invariant Banach spaces of Lebesgue measurable functions on [0, 1] and [0, +∞) by González, Gonzalo and Jaramillo in [4] . Symmetric polynomials and symmetric analytic functions on the complex Banach spaces of all complex-valued Lebesgue measurable essentially bounded functions on [0, 1] and [0, +∞) were studied in [2] and [3] respectively. Symmetric polynomials on Cartesian products of some Banach spaces were studied in [6, [8] [9] [10] [11] [12] . In particular, in [10] it was constructed a countable algebraic basis of the algebra of continuous symmetric polynomials on the Cartesian power of L ∞ .
In this work the problem of the description of sequences of values of point-evaluation functionals on the elements of the algebraic basis of the algebra of continuous symmetric polynomials on the Cartesian square of L ∞ is completely solved. We show that the above-mentioned sequences satisfy some natural condition. Also we show that for any sequence c of complex numbers, which satisfies this condition, there exists an element x of the Cartesian square of L ∞ such that the sequence of values of the point-evaluation functional at x coincides with c. We generalize the results of [11] .
PRELIMINARIES
We denote by N the set of all positive integers and by Z + the set of all nonnegative integers. A mapping P : X → C, where X is a Banach space with norm · X , is called an Nhomogeneous polynomial, where N ∈ N, if there exists an N-linear mapping A P : X N → C such that P(x) = A P x, . . . , x N for every x ∈ X. It is known that an N-homogeneous polynomial P : X → C is continuous if and only if P = sup
Consequently, if P is a continuous N-homogeneous polynomial, then
for every x ∈ X. A mapping P = P 0 + P 1 + . . . + P N , where P 0 ∈ C and P j is a j-homogeneous polynomial for every j ∈ {1, . . . , N}, is called a polynomial of degree at most N.
Let L ∞ be the complex Banach space of all Lebesgue measurable essentially bounded complex-valued functions x on [0, 1] with norm
Let (L ∞ ) 2 be the Cartesian square of L ∞ with norm
Let Ξ be the set of all bijections σ : [0, 1] → [0, 1] such that both σ and σ −1 are measurable and preserve the Lebesgue measure. A function f :
Note that R k is a continuous symmetric |k|-homogeneous polynomial, where |k| = k 1 + k 2 , and R k = 1. By [10, Theorem 2], the set of polynomials
Let A be an algebra of functions f :
where f ∈ A. The mapping δ x is called a point-evaluation functional at the point x. Note that a point-evaluation functional is linear and multiplicative.
We shall use the following result.
(v ξ (t)) n dt = ξ n for every n ∈ N and
2 THE MAIN RESULT Theorem 2. For every mapping c :
Proof. Let ε k be the kth Rademacher function, that is, ε k (t) = sign(sin 2 k πt). It is well known (see, e.g., [1, p. 162] converges almost everywhere on [0, 1]. For every n = (n 1 , n 2 ) ∈ N 2 let us define a function p n :
Note that the function p n belongs to the space (L ∞ [0, 1]) 2 and ||p n || = 1.
The sequence of the functions p
converges pointwise to p n . Therefore, for every m = (m 1 , m 2 ) ∈ N 2 , according to the dominated convergence theorem,
Note that Let frac(t) be the fractional part of a real number t. For every n = (n 1 , n 2 ) ∈ N 2 let us define a function y n : [0, 1] → C 2 by a formula y n (t) = S n 1 (t)p n,1 (frac(n 1 n 2 t)), S n 2 (frac(n 1 t))p n,2 (frac(n 1 n 2 t)) .
Note that y n ∞,2 = 1. For every m = (m 1 , m 2 ) ∈ N 2 , we have
S m 1 n 1 (t)p m 1 n,1 (frac(n 1 n 2 t))S m 2 n 2 (frac(n 1 t))p m 2 n,2 (frac(n 1 n 2 t))dt =
S m 2 n 2 (frac(n 1 t))p m 1 n,1 (frac(n 1 n 2 t))p m 2 n,2 (frac(n 1 n 2 t))dt.
Let us make the substitution u = n 1 t − (j − 1) in the jth integral. Then n 1 t = u + j − 1 and, consequently, frac(n 1 t) = frac(u + j − 1) = frac(u) and frac(n 1 n 2 t) = frac(n 2 u + n 2 (j − 1)) = frac(n 2 u). Therefore,
S m 2 n 2 (frac(u))p m 1 n,1 (frac(n 2 u))p m 2 n,2 (frac(n 2 u))du.
Note that [0, 1] S m 2 n 2 (frac(u))p m 1 n,1 (frac(n 2 u))p m 2 n,2 (frac(n 2 u))du ] p m 1 n,1 (frac(n 2 u))p m 2 n,2 (frac(n 2 u))du.
Let us make the substitution v = n 2 u − (r − 1) in the rth integral. Then n 2 u = v + r − 1 and, consequently, frac(n 2 u) = frac(v + r − 1) = frac(v) = v. Therefore,
If m 1 is not a multiple of n 1 , then
Similarly, if m 2 is not a multiple of n 2 , then n 2 ∑ r=1 a m 2 r,n 2 = 0.
Let m 1 = k 1 n 1 and m 2 = k 2 n 2 , where k 1 , k 2 ∈ N. Then
Therefore,
If k 1 > 1 or k 2 > 1, then there is a multiplier cos π 2 = 0 in the given product. Thus R m (y n ) = 0, if m = n. If m = n, then R m (y n ) = M 2 , where M is defined by (3) .
For every n = (n 1 , n 2 ) ∈ N 2 , let us define a function z n : [0, 1] → C 2 by
Let us define sequences
and
c((j, k − j))k2 k+1 l/k R (0,l) (z (j,k−j) ) for l ∈ N. Let us show that sup l∈N |ξ l | 1/l < +∞ and sup l∈N |η l | 1/l < +∞. Let a = sup n∈Z 2 + \{(0,0)} |c(n)| 1/|n| .
Then |c(n)| ≤ a |n| for every n ∈ Z 2 + \ {(0, 0)}. By (1), |R (l,0) (z (j,k−j) )| ≤ R (l,0) z (j,k−j) l ∞,2 . By (4), taking into account the equality R (l,0) = 1,
Note that sup k∈N (k2 k+1 ) 1/k = 4. Therefore, k2 k+1 ≤ 4 k for every k ∈ N. Consequently,
Therefore, 1] (v ξ (t)) l dt = ξ l and [0, 1] (v η (t)) l dt = η l (7) for every l ∈ N and
For k ∈ N and j ∈ {1, . . . , k}, let
. Note that h j,k is a bijection. Let us define a function x c : [0, 1] → C 2 by
if t ∈ (1/4, 1/2), c((j, k − j))k2 k+1 1/k z (j,k−j) (h j,k (t)), if t ∈ ∆ j,k , k ∈ N, j ∈ {1, . . . , k}, (0, 0), otherwise.
Note that x c ∈ (L ∞ ) 2 and, taking into account estimations (4), (8) and the inequality c((j, k − j))k2 k+1 1/k ≤ 4a, we obtain
Let us show that R n (x c ) = c(n) for every n ∈ Z 2 + \ {(0, 0)}. Consider the case n = (n 1 , n 2 ) ∈ N 2 . In this case, taking into account (5),
c((j, k − j))k2 k+1 |n|/k 1 k2 k+1 R n (z (j,k−j) ) = c((n 1 , n 2 ))|n|2 |n|+1 |n|/|n| 1 |n|2 |n|+1 = c((n 1 , n 2 )).
Consider the case n = (l, 0), where l ∈ N. In this case, taking into account (6) and (7),
c((j, k − j))k2 k+1 l/k 1 k2 k+1 R (l,0) (z (j,k−j) ) = c((l, 0)).
Analogically, in the case n = (0, l), where l ∈ N, we have R n (x c ) = c((0, l)). This completes the proof. Proof. Let ϕ : A → C be a continuous linear multiplicative functional such that sup n∈Z 2 + \{(0,0)} |ϕ(R n )| 1/|n| < +∞.
By Theorem 2, there exists x ∈ (L ∞ ) 2 such that R n (x) = ϕ(R n ) for every n ∈ Z 2 + \ {(0, 0)}, that is, δ x (R n ) = ϕ(R n ) for every n ∈ Z 2 + \ {(0, 0)}. Since both δ x and ϕ are linear and multiplicative, it follows that δ x (P) = ϕ(P) for every P ∈ P s ((L ∞ ) 2 ). Since both δ x and ϕ are continuous and P s ((L ∞ ) 2 ) is dense in A, it follows that δ x = ϕ.
Let ϕ = δ x for some x = (x 1 , x 2 ) ∈ (L ∞ ) 2 . By (1), for every n = (n 1 , n 2 ) ∈ Z 2 + \ {(0, 0)}, |ϕ(R n )| = |R n (x)| ≤ x |n| . Consequently, sup n∈Z 2 + \{(0,0)} |ϕ(R n )| 1/|n| ≤ x .
